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Effect  of  Multipath  on  the  Height-Finding 
Capability  of  Fixed-Reflector  Radar  Systems 

Part  4:  Effect  of  System  Noise 

1.  INTRODUCTION 

In  previous  reports  we  have  studied  the  effects  of  multipath  and  the 
CW-39BA  radame  on  the  height -finding  capabilities  of  an  air  search  radar.  In  this 
portion  wo  will  consider  the  effects  of  system  noise  on  its  operation.  A summary 
of  our  results  on  noise  effects  is  contained  in  Tablo  1. 
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Table  1.  Summary  of  Important  Results  for  Target  at  Elevation 


Table  1.  Summary  of  Important  Results  for  Target  at  Elevation  (Cont. ) 


= signal  to  noise  ratio  on  high  beam  in  the  absence  of  multipath 
(not  in  dB); 

Mjfj  (f^g)]2  + 2pDf1(0)f1{-0")  cos  + p2D2[f1(-e")]  2 

2a2  2a2 

n n 

total  signal  to  noise  ratio  in  the  high  beam; 


Mj  and  are  the  normalized  total  powers  in  the  high  and  low  boams,  respec- 
tively. 


2.  TliKOIIKTIML  ANALYSIS 


From  Reference  2 we  recull  tliat  tho  signal  voltage  received  by  the  primary 
horn  is  provisional  to 


(i) 


and  the  signal  received  by  the  secondary  horn  cun  be  written  as 


^ * KeUV<»>  + ' ll  «yt}  , 


(2) 
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where  the  far-field  pattern  of  the  primary  horn  is 


fQ(0)  exp  (i 0O( £>>]  , 4>q  = >b  (-0')  - 4>0(e)  + + y , 

that  of  the  secondary  horn  is 

f,(0)  exp  [ i ^ { jo)  1 + kAR  + y , 

AK  is  the  path  difference  between  the  direct  and  multipath  link.-;,  y is  the  phase 
angle  of  the  earth  reflection  coefficient,  p is  the  magnitude  of  the  earth  reflection 
coefficient,  and  D is  the  spherical -earth  dispersion  factor.  The  angles  e and 
are  shown  in  Figure  1. 


The  noise  n , in  the  primary  channel,  at  the  input  to  tho  log-amplifier  can  bo 
assumed  to  bo  a narrow -band  gaussian  process,  and  can  bo  written  as 

n 51  x0  nos  wt  “ yo  sin  ut  , 

whero  and  yQ  are  the  in-phase  and  quadrature  noise  components,  respectively. 
Similarly  the  noise  in  the  secondary  channel  is 

n^  » Xj  cos  ut  - yj  sin  ut  . (4) 

If  we  now  define 

a0  * y •>  . 

u0  puy-^)  . 
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a1  - i^e)  , 


bx  - pDf^-tf')  . 

we  can  write  the  total  voltage  in  each  channel  (at  the  input  to  the  log-amp)  as 

eQ  = (Aq  + xq  + Bq  cos  rpQ)  cos  ut  - (Bq  sin  + y ) sin  ut  , (5) 

el  = + + Bj  cos  ^)  cos  ut  - (Bj  sin  ^ + y^  sin  ut  . (6) 

The  output  of  each  log -amp  can  be  written  as 
e'  = K In  | e| 2 . 

where  K is  a constant  and  |e|2  is  the  envelope  squared  of  e.  Therefore 

= K In  [(A0  + xq  + B0  eos  (/<Q)2  + (Bp  sin  <1>Q  + y^)2]  , (?) 

o'j  - K In  [(A | + Xj  + Bj  eos  tf^)2  + (Bj  ain  + y^)2|  , (8) 

and  the  output  voltage  V defined  in  Figure  1 ia  than 


U 


where 


M 


1 


2Bj 

1 + — ^ — cos  4/^  + 


Mo 


2B 

1 + -gZ  cos  iQ  + 


(10) 


(11) 


The  first  term  in  (S)  is  precisely  the  voltage  one  would  have  if  there  were  no  noise 
and  no  multipath.  The  second  term  contains  the  combined  effects  of  the  noise  and 
multipath.  Note  that  because  \Q,  y , Xj,  are  random  quantities  this  second 
term  is  a random  variable. 


2.1  tiuse  1:  MultiputU  \ks«mt 

l,et  us  first  study  the  effect  of  noise  on  the  received  voltage  V.  If  multipath  is 
absent  we  have  B^  - Ilj  - 0 and  (9)  becomes 


V - Vu  + K In 


1 


1 


!i* 


<*?,  ’ yf) 


(12) 


where 


(13) 


Note  that  Vh  is  the  voltage  which  correattoitd*  to  the  actual  target  altitude.  That 
iu,  the  target  elevation  h nt 

I‘“I<VU)  (14) 

(ace  fcJtpt.  (1)  and  (2)uf  itefuronee  2). 


If  the  signal  to  noise  ratio  is  large,  the  second  term  in  (12)  can  be  expanded 
in  a Taylor  series  in 


U)  -* 1 ■ fe) « 1 ■ [-%) 


« 1 


and  so  forth. 


If  we  use  the  fact  that 


<x0> = <y0> = <xi> = = 0 * 

<Vo> = <Vi> = <vi>  = < Vo> = 0 

<xo>  *<$  = <xl>  = <yl>  = °n  * 


(15) 

(16) 
(1?) 


where  ( ) denotes  an  ensemble  average,  we  can  show  that 


<V>  = VQ  , 

4 MV2)  -<V)2  = 4K: 


! 2 / 1 , 1 \ 


(18) 

(19) 


Therefore,  with  noise  only  present,  on  the  average  the  voltage  measured  will  be 
the  correct  voltage  V , but  there  will  be  a spread  in  measured  values  about  the 
correct  value  V0  with  a standard  deviation 


(if +^j/a  • 


(20) 


By  using  (20)  we  can  calculate  the  mean  square  elevation  error  caused  by  this 
error  in  measured  voltage.  The  voltage  error  AV  and  elevation  error  As  can  be 
related  via 


AV  * 


dVo 

Us 


AS 


(21) 


Therefore 


(22) 


(23) 


Of  course  (AfA  ' 0 by  virtue  of  (13).  If  we  substitute  (20)  into  (23),  and  use  the 
fact  that 


Finally,  we  define  (X/N)(.  (1/2)(A(  «»»  the  signal  to  noise  ratio  in  the  primary 

ohtumel,  at  the  input  to  the  log-amp.  The  standard  deviation  in  the  angular  error 
then  becomes 


(36a) 
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We  can  also  rewrite  (25a)  in  terms  of  the  signal  to  noise  ratio 

9 

(S/N)^  = (l/2)(A1/an)  in  the  secondary  channel.  We  get 


(25b) 


2.2  Case  2:  Multipath  Present  but  Mj  and  MQ  Never  Zero 

Let  us  now  consider  the  effect  of  both  noise  and  multipath  for  the  case  when 
both  (/■  and  i/  j are  not  near  (2M  + l)v.  In  that  case,  even  if  Aj  and  are  nearly 
equal  [that  is,  p Df^-e")  «*  fj(o)],  the  quantities 

A1M1  = Al  + 2BiAi  cos  + Bi 

and 

AX*Ao*2V'ocos*otBo 

are  never  close  to  zero.  We  next  rewrite  (9)  as 


V s V + V 
o m 


+ lv  In 


2x. 


‘l  / 4,i  \ xi  ^i^i  yi 

1 + II  1 + "I"  eos  ^'l ) + T + — - ~T"sin  41  — T 

MlAl  \ A1  lJ  MtAj  MjA*  1 MjAj 


2 


.2 


% / Uo  \ < aBoyo  ^o 

i + V.4’  I 1 + T ~ COS  ll'  ) + — ^ + •;  silt  t b + $i^7' 

M..A„  \ A„  0/  */lA“  H/l  A “ o M A“ 


o o 


v;  moa; 


moa; 


whore 


(2(i) 


m 


/ M , \ 

K Ul  \ ^lu  j ’ 


(2?) 
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Note  that  Vm  is  the  error  due  to  multipath  alone;  this  is  the  error  we  would  have 
in  the  absence  of  noise.  We  next  assume  that  the  noise  on  each  channel  is  small 
compared  with  the  total  received  signal  (direct  plus  multipath).  That  is 

(x.)  /x  ) 

o~ « 1 , « 1.  t.  and  so  forth.  (28) 

M.A7  M A* 

11  o o 

We  have  found  by  numerous  numerical  calculations  that  (28)  almost  always  is  valid 
in  cases  of  interest.  In  this  case  we  may  expany  the  third  term  in  (26)  in  a Taylor 
series.  After  considerable  manipulation,  and  the  extensive  use  of  (15)  through 
(17),  we  find 

<V>=Vo+Vm  * (29) 


4=<v2>-<v>2 


4K2o, 


2 r_*  + 

n m^a| 


(30) 


That  is,  in  this  limit  the  error  in  the  average  voltage  is  caused  only  by  the  multi- 
path  term  V . However,  there  is  a spread  about  the  average  voltage  with  a 
standard  deviation 


Upon  comparing  (31)  with  (20)  we  see  that  when  multipath  is  present  we  replace  the 
2 2 

direct  signals  Al  and  AQ  by  the  total  (direct  plus  multipath)  signals 

MjA2  * A2  + 2AjDj  cos  ^ + D2  and  IY^aJ  » A2  + 2A0B0  cos  ^ + li2  . 

By  using  (29)  and  (.10)  along  with  (21)  we  can  readily  obtain  the  mean  elevation 
orror  and  its  standard  deviation.  We  get  , since  AV  • (V)  “ v0  * Vy  + VM  - V0 


(33a) 


& 


2 2 

If  we  define  (S/N)Mq  = MQA0/2on  as  the  signal  to  noise  ratio  in  the  primary 
channel,  including  multipath,  and 


/S\  _M1A1 

^ Ml  2a^ 

as  S/N  in  the  secondary  channel,  then  (33a)  can  be  rewritten  as 


(33b) 


Therefore,  there  is  an  averago  elevation  error  caused  strictly  by  the  multipath, 
and  a fluctuation  about  that  averago  caused  by  a combination  of  both  noise  and 
multipath. 

2.3  Cast)  3:  Mulliputli  Pruwol  usd  Kititrr  M | or  M0N*uf  Zt*u 

Let  us  consider  the  case  when  A0  **  II 0 and  i'o  <*  »,  but  ^ * v.  (The  case 
when  A j ^ and  V»j  “ ir  is  equivalent. ) The  condition  Ay  « tt()  will  occur  for 
situations  where  the  earth  reflectivity  is  nearly  unity:  this  may  be  the  case  for 
small  grating-angle  situations,  for  the  small  gra/ing-anglo  case  we  may  huve 
p D “ 1 and  -(/’  «'  0,  so  that  f0(-tf*)  **  f (0). 


iff 

We  can  have  * but  <!>.  * t because  ^ J-®M)  - A ($)  is  not  necessarily  equal  to 

- tytf,  1 0 ° 


When  Aq  - Bq  and  $ = tt  we  may  approximate  (9)  as 


V5*  Kin 


M1A5 


2x. 


1 + 


2*1B1 


M1A1  M1A1 


2”  COS  + 


2Blyl 


MjAj  M1A1 


g-ain  + 


*1 


MlAU 


X2  + y2 

o ■'o 


'(34) 


In  writing  (34)  we  have  assumed  that  the  net  primary-channel  signal 

A1 2  + 2A  B cos  * + B2  « (A  - B )2 
o 00  vo  0 o o 

2 2 

is  so  small  that  it  is  exceeded  by  the  noise  xo  + yQ  . If  we  again  assume  that  the 
signal  to  noise  ratio  in  the  secondary  channel  is  large  it  is  possible  to  expand  the 
numerator  in  (34)  in  a Taylor  series.  The  result  for  the  ensemble  average  of  V 
then  is 


(V)  « Kln(MlA2)-K<b»(x2  + y2)> 


(35) 
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In  order  to  evaluate  (In  (x^  + y^)>  we  use  the  fact  that  xq  and  yQ  have  a joint 
probability  density 


A*  A 


2o, 


2 


(3fi) 


Then 


0 1 * ? a '(x2+y  2)/2o“ 

< inis';  + yZ))  - —V  II  **  *y  ^ <*  + y>  u n 

0 2*0  »* 


n -ao 


1-  r ...2. 


T / 1 1,1  0 


n 0 


t t -U/2« ) 

, * •—-y.  I dt  In  t c 


tt  0 


(37a) 


<ln<x0  + yo}>  = -c  + ln  <2ffn) 


where  C = Catalan's  constant  = 0.  577215.  The  integral  in  (37a)  is  from  (4.331)  in 

A 

Gradshteyn  and  Ryzhik.  Upon  using  (37b)  in  (35)  we  get 


m rr 

K 2a 


A?M1 


+ C . 


A similar  calculation  yields 


•4'<v2>-<v>^k '&r*4 


hi  deriving  (39)  we  have  used  the  relation 


n 0 \ “un 


♦(<i:-l..(2»,2l))2  , 


where  the  above  integral  is  from  (4.335)  in  tirndshtoyn  and  Ryzhik. 

Hy  using  (3 ft)  and  (13)  we  ran  calculate  the  mean  elevation  error.  We  recall 
from  (13)  that  for  a target  at  an  elevation  angle  o the  correct  voltage  we  should 
measure  (in  the  absence  of  noise  and  multipath,  which  produeu  errors)  is 


, *■* 

/MV 

*o  K lU  V^oJ  ' 


4.  Uradstitevn,  1,  ami  Ryzhik,  l.  ( UM15)  Tables  of  Integrals,  Series,  and  1'roducts, 
Academic  Rress  (New  York).  —-»•  „ 


IV 


Therefore  the  voltage  error  AV  is 


AV  = (V>  -VD 


Therefore  using  (21)  we  find  that  the  mean  elevation  error  is 


and  the  fluctuation  about  that  mean  is 


For  the  case  when  the  signal  in  the  secondary  channel  is  negligible  (that  is, 
Aj  “ Bj  and  ^ » w)  but  tliat  in  the  primary  channel  is  not,  we  find 


1U 


4 


*V 


n2  , 4gn 

6 M A2 
o o 


1/2 


2idln 


ft) 


(46) 


2.4  (laso  4:  Zero  Net  Signal  in  Uolli  Channels 
If  it  happens  that 


4o(-0")  - <hQ{e)  = 4>x(-o")  - ^(0)  . 

so  that  both  i/>  and  i/  j can  simultaneously  equal  (2M  + 1)jt,  where  M - integer,  it 
is  possible  that  the  net  signal  in  both  channels  may  simultaneously  equal  aero 
(assuming  of  course  Ao  “ Bq,  Aj  “ B^).  In  that  case 


V * Kin 


*1  yl 

X2  + y2  * 
io 


(47) 


and 


<V>  « 0 , 


*)  2 

«v  ' <v  > -<v> 


<4U) 

(40) 


In  this  case  the  voltage  error 


■ AV  » <V>  - V ”Vo 

and  the  mean  elevation  error  is 


(50) 


<A0> 


-0 

*‘0  & - (y‘ 


(51) 
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and  of  course 
(M2)  = 0 . 

3.  SAMPLE  CALCULATIONS 

Let  us  consider  the  elevation  error  caused  by  noise  alone  for  the  configuration 
denoted  by  Case  A in  Reference  2.  Let  fQ(0)  denote  the  signal  received  in  the  low 
beam  and  fj(0)  denote  the  signal  received  in  the  high  beam.  Because,  for  small 
target  elevations,  f « 1,  it  is  convenient  to  use  (25b)  for  the  elevation  error. 


i) 

where  <S/N)j  - <l/2)(fj/on)*  is  the  signal  to  noise  ratio  for  the  high  beam.  For  a 
target  at  elevation  o 0°  we  find  from  Figures  A.  1 and  B.  1 in  Reference  2 that 
d/do  {10  log10  (fj/f0>2)  3.  5/deg,  so  that  e0  2.  5 OJS/N^"1/8.  Therefore,  in 

order  to  have  an  elevation  error  of  3000  ft  when  the  target  range  is  100  miles  wo 
requiro  0.32<iu.  This  leads  to  a high-beam  signal  to  noise  ratio  of  14.7  dll. 

When  multipath  is  present  wo  get  a different  requirement  on  (S/N)1  because 
now  !( Afl)  | + aw  must  be  loss  than  0.320°.  If  neither  nor  M is  too  small  we 
may  use  (32)  and  (33b)  to  obtain  U 

Max  Angular  Error  <*  |(A0)|  + 


20 


If  we  again  consider  the  configuration  denoted  by  Case  A in  Reference  2 and  again 
require  a maximum  angular  error  of  0.326°  for  a target  at  elevation  0=0,  we 
now  get  the  requirement  that 


2 

We  may  assume  that  the  total  signal  Mj  fj  in  tho  high  beam  is  much  less  than 
the  total  signal  Mq  fjj  in  the  low  beam;  this  leads  to  the  requirement  that 


Unfortunately,  for  the  patterns  in  case  A of  Reference  2 it  turns  out  that  usually 
| In  (Mj/Mq)|  > 0, 203.  Therefore  for  this  case  there  is  no  signal  to  noise  ratio 
which  makes  the  angular  error  less  than  Q.2G30. 

4.  of  ixum;u 

In  general  we  can  write  tho  clutter  return  in  the  primary  and  secondary  chan- 
nels as  complex  phasors  c r exp  (in  ) and  Oj  r ^ exp  (tOj),  respectively.  The 
net  clutter  return  in  each  channel  is  proportional  to  the  integral  of  the  radiation 
pattern  of  each  antenna  over  the  uomplcx  clutter  distribution  h(x,  y).  That  is 
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= const 


(57) 
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= rl 


= const 


// 
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II 


dSfo(x,y)h(x,y) 


dS  f^x,  y)  h(x,  y) 


(58) 


where  dS  is  the  element  of  surface  area,  f (x,  y)  = f [0(x,  y))  e 0 

!*,<*.  y)  0 0 

and  f^x,  y)  = fj  [a(x,  y)]  e * arc  the  field  patterns  of  the  low  and  high  beams 

(with  o and  <j>  expressed  in  terms  of  x.  and  y),  and  E is  the  illuminated  region  of 

the  earth's  surface.  For  small  grazing  angles  E is  equal  to  (cr/2)(R$,,)  where  r 

is  the  pulse  length  of  the  radar  signal,  c is  the  speed  of  light,  R is  the  clutter 

5 

range  and  </>.,  is  the  azimuthal  beamwidth.  It  is  found  experimentally  that  for 
small  grazing  angles,  rQ  and  r^  are  log  normally  distributed  random  variables, 
and  n and  Uj  are  uniformly  distributed  random  variables.  Because  the  phases 
are  uniformly  distributed  it  is  evident  that  (cQ)  = (Cj)  - 0;  of  course  (|co|2)  and 
( | c j | 2)  are  not  equal  to  zero.  The  only  other  quantity  we  will  have  to  calculate 
is  <c0Cj*);  unfortunately  this  is  not  zero,  because  from  (57)  and  (58)  wo  have 


<c0ci*>  - const  JJJJ  dS  dS'  f0(x,  y)  fj’Nx',  y*)(h(x,  y)  h*(x‘,  y«)> 


and  the  correlation  function 


H(x,y;x*,y')  e (Wx.ylh^x'.y*)) 


is  not  zero. (l  Therefore  in  our  calculations  we  will  not.  In  general,  be  able  to 
ignore^c^). 

We  arc  now  in  a ixjsttion  to  discuss  how  clutter  is  included  in  our  analysis. 
When  cluitor  is  included,  (5)  and  (G)  become 


5.  Nathanuon,  1\  (ltMlt))  ttadur  Design  Principles,  Metiraw-UiU,  New  York, 

0.  Uucktmmn,  P.  and  Kpizzichtno,  A,  (1908)  The  Scattering  of  EM  Waves  From 
Rough  Surfaces.  MacMillan,  New  York. 


(59) 


e = (A  + x + B cos  \b  + r cos  n ) cos  ut 

o o o o Yo  o 'o 

- (Bq  sin  + yo  + rQ  sin  r)Q)  sin  ut  . 

el  = ^1  + xi  + cos  + 003  cos  wt 

- sin  ^ + y^  + sin  n^)  sin  u>t  . (GO) 

Therefore,  in  our  previous  analysis  we  simply  replace  xQ  by  xq  + r cos  n 
yo  by  yo  + rQ  sin  no,  by  x1  + cos  pj,  and  by  y1  + r1  sin  nr  If  we  do  this 
and  recall  that  the  noise  and  clutter  are  uncorrelated,  and  each  has  a zero  mean 
so  that  <xQro  cos  n0>  = <x0)<rQ  cos  t»q>  - 0,  (yQro  sin  nQ)  - 0,  (x^  cos  ijj)  = «. 
(y^  sin  rjj)  = 0,  we  find  that  (29)  is  unchanged  but  (30)  is  altered  by  the  clutter. 
That  is 


<V>=Vo  + VM  • 


(Gl) 


but 


<hi2>  + <K!!> 

MlAl  MoAo 


( ‘ -~  A + — ^—g  I + 

“ ™o<) 

B(*y* ) ( / \ / »o  \ 

' MjA^S^  <C04*  %eo8  “i>  I*  + 357 008  h\  ( 1 +^co3  Col 

/%  \ / »l  \ 

+ <sh»  >i0  cos  tjj)  I ain  \ 1 I 1 + Aj  <!’l  I 

* (sin  pj  cos  dq)  Min  « A cos  C0j 

* <sh»  ou  sin  »»*>  ^ a [ al“  ^ ' Ml“  *ojj  | • < 


In  deriving  (62)  we  have  assumed  the  signal  to  clutter  ratio  is  large.  Also 

( jcj  2)  = (r2)  and(|co|2)  = (r2).  In  order  to  simplify  (62)  we  shall  assume  that 

the  phase  of  the  low  beam  radiation  pattern  ^(x,  y)  is  equal  to  the  phase  of  the  high 

beam  pattern  f^x,  y).  Then  from  (57)  and  (58)  it  is  clear  that  no  must  equal  i)y 

Because  q and  q^  are  uniformly  distributed  we  then  have  that 

(cos  no  cos  rjj)  = (sin  qQ  sin  = 1/2,  and  (cos  qQ  sin  rjj)  = (sin  rjQ  cos  q^)  = 0 

so  that 


sin  ^ sin  i/' j 


(62a) 


Wo  will  now  try  to  approximate  (62)  and  (62a)  further.  When  we  are  interested 

in  the  angular  error  for  the  air  search  radar  in  Case  A in  Keferenee  2,  it  is  clear 

2 

that  the  total  high-heam  signal  M.A?  is  much  smaller  than  the  total  low-beam  aig- 

2 * * *•)  m I 

nal  M At.  Therefore  in  the  first  term  in  (02)  and  (62a)  we  may  neglect  (M  A“) 

On  t)  w 

in  comparison  with  (M.A?)  . Next  let  us  examine  the  clutter  contributions.  If 

* * IV 

we  use  the  results  in  Nathans  on,  it  is  found  that,  for  the  low  beam,  the  clutter  to 
signal  ratio  is  (ignoring  sidelobe  clutter  because  this  is  quite  small  compared  with 
the  main  lobe  clutter) 


fjv  (¥K«V 

K>Utr*  S*bt 


(63) 


where  l‘tj(ot,)/l-‘u( is  the  ratio  of  the  krwer-heam  power  in  the  direction  of  the 
clutter  patch  to  that  in  the  direction  of  the  target,  o is  the  sjieed  of  light,  r is  the 
radar  pulse  length,  d,,  is  the  avitmithal  Itestm  width,  It  is  the  target  range,  I ^ is 
the  beam  sha|K.*  loss  (usually  taken  as  1. 6 dll),  «,j.  is  the  target  cross  seelien,  o 
is  the  reflectivity  per  unit  cross  section  of  duller  anti  I is  the  clutter  improvement 
factor  of  the  MTI.  Similarly,  for  the  high  beam  we  have  (heist  the  xhldnbe  clutter 
is  significant,  but  .still  less  than  the  main-beam  clutter,  provided  the  high-beam 
peak  occurs  at  angles  less  than  7°) 

24 


(64) 


<hl2)  , jlW  (T)R»c!*2 

a\  Pj(0t)  Lp°T 


where  F^o^/F^&j.)  is  the  ratio  of  the  high-beam  power  in  the  direction  of  the 
clutter  patch  to  that  in  the  direction  of  the  target.  For  the  air  search  radar  in 
Case  A of  Reference  2 we  have  for  a target  at  1.  5°,  and  assuming  the  angle  er  of 
the  ground  clutter  is  approximately  0°,  that 


w 
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0.71 


w 


“0.17  . 


If  we  use  these  results  in  (63)  and  (64)  we  find  that 
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<|c1la>/Af 

<|c0i2>m; 


! 0. 058 


Therefore  in  (62)  and  (62s)  we  can  neglect  ( jcj  | 2)  /(MjAj)  in  comparison  with 
< |cul  )/(MoAo).  (Note  that  Mu  kS  the  name  order  as  as  is  evident  from  (10) 
and  (11'.) 

In  the  last  term  in  (62u)  we  have  that 

<vi>*  [<ro>'.''t>]'/‘!  ■ [ti«0i*><|«1ia>]1/3  • 

Therefore  the  ratio  of  the  last  to  the  second  term  in  (02a)  is  at  most 

(m  ^eos^j(l  4^fe)Si,‘^SUlCl 

— — ---  — 1 mil  ii  i mu  --in  «niini  f iil—Ih  i 


Inst  term  1 /2 

second  term  ** 


Sb.4il  , 


because  the  term  in  square  brackets  in  less  than  unity.  Therefore  we  si  lull  neglect 
the  lust  term  in  (ti2)  and  approximate  the  voltage  error  by 


(65) 
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where 


2 _ 1 , j „ 1 2.  . 1 . 2. 

°o  = 2<lco'  > - 2<ro> 


From  (61)  and  (65)  we  now  have 


(66) 


a w 
0 


where 


signal  to  noise  ratio  of  high  beam  (including  multipath). 


ratio  of  total  high -beam  power  to  total  low-beam  power, 


* clutter  to  noise  ratio  in  tow  beam. 


The  signal  to  noise  ratios  cun  readily  be  expressed  in  terms  of  system  parameters. 
We  have 
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MlPtGlHl(0T)x2aTL 

kTsB(4ff?R^ 


(68) 


where  Mj  is  given  in  (10),  is  the  transmitted  power,  is  the  gain  of  the  high 
beam,  H^(0,p)  is  the  ratio  of  the  high-beam  power  density  at  the  target  angle  0T  to 
the  peak  power  density,  A is  the  signal  wavelength,  L is  the  system  loss  (beam 
shape  loss,  attenuation  loss,  and  so  forth),  k is  Boltzmann's  constant,  T is  the 
system  noise  temperature,  and  B is  the  system  bandwidth  (this  is  of  order  t'1). 
Also 


P,o;h>c)L>2%(-|I)»21 

kTsB(4*)3B3 


(69) 


where  is  tho  low-beam  gain,  liQ(0c)  is  the  ratio  of  the  low-beam  power  density 
at  the  angle  0Q  (of  the  clutter  patch)  to  the  peak  power  density,  and  all  the  other 
quantities  in  (69)  were  defined  previously. 

From  (69)  and  (67)  we  see  that  if  the  MTI  design  is  such  that  the  clutter  to 
noise  ratio  is  of  order  unity  then  clutter  ean  bo  completely  ignored  in  calculating 
angular  errors,  because  then 


so  that  our  calculations  in  liqs.  (54)  through  (5(5)  aru  then  appropriate. 
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